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a b s t r a c t
The purpose of this article is to analyze several Lie algebras associated to ‘‘orbit
configuration spaces’’ obtained from a group G acting freely, and properly discontinuously
on the upper half-planeH2. The Lie algebra obtained from the descending central series for
the associated fundamental group is shown to be isomorphic, up to a regrading, to
1. the Lie algebra obtained from the higher homotopy groups of analogous constructions
associated to H2 × Cq modulo torsion, as well as
2. the Lie algebra obtained from horizontal chord diagrams for surfaces.
The resulting Lie algebras are similar to those studied in [T. Kohno, Linear representations
of braid groups and classical Yang-Baxter equations, Contemp. Math. 78 (1988) 339–363;
T. Kohno, Vassiliev invariants and de Rham complex on the space of knots, Contemp. Math.
179 (1994) 123–138; T. Kohno, Elliptic KZ system, braid groups of the torus and Vassiliev
invariants, Topology and its Applications 78 (1997) 79–94; D.C. Cohen, Monodromy of
fiber-type arrangements and orbit configuration spaces, Forum Math. 13 (2001) 505–530;
F.R. Cohen, M. Xicoténcatl, On orbit configuration spaces associated to the Gaussian
integers: homology and homotopy groups, Topology Appl. 118 (2002) 17–29; E. Fadell
and S. Husseini, The space of loops on configuration spaces and the Majer-Terracini index,
Topol. Methods Nonlinear Anal. J. Julius Schauder Center 11 (1998), 249–271; E. Fadell
and S. Husseini, Geometry and Topology of Configuration Spaces, in: Springer Monographs
in Mathematics, Springer-Verlag, 2001; F.R. Cohen and T. Sato, On groups of morphisms
of coalgebras, (submitted for publication)]. The structure of a related graded Poisson
algebra defined below and obtained from an analogue of the infinitesimal braid relations
parametrized by G is also addressed.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The purpose of this article is to consider certain Lie algebras which are described next.
(1) One Lie algebra is obtained from the descending central series for the fundamental group of orbit configuration spaces
associated to discrete subgroups G of PSL(2,R) acting freely, and properly discontinuously on the upper half-plane H2
by fractional linear transformations.
(2) A second Lie algebra is obtained from the classical higher homotopy groups modulo torsion for loop spaces of orbit
configuration spaces of points in H2 × Cq.
(3) A third Lie algebra is obtained from horizontal chord diagrams for surfaces.
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The main results here are that these Lie algebras, apart from a ‘‘trivial’’ degree shift, are isomorphic. In addition, there
are natural Poisson algebras obtained from the homology of the iterated loop spaces of these orbit configuration spaces,
a structure given below.
Orbit configuration spaces were studied by the third author in [22], and are defined next. Given a manifoldM on which
the discrete group G acts properly discontinuously, let ConfG(M, n) denote the orbit configuration space
ConfG(M, n) = {(m1, . . . ,mn) ∈ Mn | G ·mi ∩ G ·mj = ∅ if i 6= j}.
It will be assumed throughout this article that M → M/G is the projection map for a covering space. By [22], there are
fibrations
ConfG(M, n)→ ConfG(M, i)
with fiber over the point (p1, p2, . . . , pi) in ConfG(M, i) given by
ConfG(M − Q Gi , n− i)
where G · p denotes the G-orbit of p, and
Q Gi =
∐
1≤j≤i
G · pj.
The groups, and manifolds addressed in this article are given as follows.
(1) The spaceM is either the upper half-plane H2 = SL(2,R)/SO(2) or a product H2 × Cq.
(2) The group G will be a discrete subgroup pf PSL(2,R) given as the fundamental group of a closed oriented surface Sg of
genus g ≥ 2, acting freely on H2 by fractional linear transformations.
Next consider the Lie algebra obtained from the descending central series for a discrete group G. For each strictly positive
integer q, there is a canonical (and trivially defined) graded Lie algebra E∗0 (G)q attached to the one obtained from the
descending central series for G, and which is defined as follows.
(1) Fix a strictly positive integer q.
(2) Let Γ m(G) denote themth stage of the descending central series for G.
(3) E2mq0 (G)q = Γ m(G)/Γ m+1(G),
(4) E i0(G)q = {0}, if i 6≡ 0 mod2q, and
(5) the Lie bracket is induced by that for the associated graded for the Γ m(G).
The main results are stated next. Let y denote a fixed choice of base-point for the orbit configuration space ConfG(H2, n),
and denote its fundamental group by pi1(ConfG(H2, n), y) = Pn(Sg)0. Recall that for a path-connected space X which
either has torsion free homology or where homology is taken with field coefficients, the Künneth theorem implies that
the homology of X × X is isomorphic to H∗X ⊗ H∗X . In this case, the module of primitive elements in the homology of
X , PrimH∗(X), is the module generated by elements α which have trivial coproduct. The universal enveloping algebra of a
graded Lie algebra L is denoted U[L].
Theorem 1.1. Let n, and q be fixed natural numbers and G such that H2/G = Sg . There are isomorphisms of Lie algebras
E∗0 (Pn(Sg)
0)q → PrimH∗Ω(ConfG(H2 × Cq, n)),
and
U[E∗0 (Pn(Sg)0)q] → H∗Ω(ConfG(H2 × Cq, n)).
Furthermore, these Lie algebras are prescribed as follows:
(1) There are sub-Lie algebras of E∗0 (Pn(Sg)0)q given by L[i] the free Lie algebra generated by elements Bσi,j for fixed i with
1 ≤ j < i ≤ n of degree 2q and where σ runs over the elements of the group G.
(2) There is an isomorphism of abelian groups given by the natural additive extension⊕
2≤i≤n
L[i] → E∗0 (Pn(Sg)0)q.
(3) A complete set of relations are as follows.
(a) If {i, j} ∩ {s, t} = φ, then [Bσi,j, Bτs,t ] = 0.
(b) If 1 ≤ j < s < i ≤ k, then [Bτi,j, Bτσ−1i,s + Bσs,j] = 0.
(c) If 1 ≤ j < s < i ≤ k, then [Bσs,j, Bτi,j + Bτσ−1i,s ] = 0.
(d) The antisymmetry relation, and Jacobi identity for a graded Lie algebra.
The symmetric group on n-letters Σn acts naturally on the configuration space, and thus on the cohomology ring. On
the other hand, the symbol Bγj,i has not been defined above in the cases for which j < i. This element is defined to be
τ(i, j)(Bγi,j) where τ(i, j) is the permutation which switches i, and j. The element τ(i, j)(B
γ
i,j) will be shown to be equal to
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Bγ
−1
i,j in Lemma 3.1 of Section 3 below. In addition the full action of the symmetric group is also specified in Lemma 3.1. The
following additional properties are satisfied for ConfG(H2, n).
Theorem 1.2. Let n be a fixed natural number and G such that H2/G = Sg . Then, the following properties are satisfied.
(1) The orbit configuration space ConfG(H2, n) is a K(Pn(Sg)0, 1). The wreath product of the symmetric groupΣn with G,Σn o G,
acts properly discontinuously on ConfG(H2, n). The orbit space
ConfG(H2, n)/Σn o G
is homeomorphic to Conf(H2/G, n)/Σn, a K(Π, 1) whereΠ is the n-stranded braid group for the surface H2/G.
(2) The fibration ConfG(H2, n)→ ConfG(H2, n− 1) has (i) trivial local coefficients in homology, and (ii) a cross-section.
(3) The Lie algebra E∗0 (pi1(Conf
G(H2, n))) is isomorphic to that given in Theorem 1.1.
(4) The integral homology of ConfG(H2, n) is given additively by
H∗ConfG(H2, n) ∼= H∗(C1)⊗ H∗(C2)⊗ · · · ⊗ H∗(Cn−1)
where Ci is the infinite bouquet of circles
∨
|QGi | S
1 where Q Gi is as defined above.
Horizontal chord diagrams of a closed oriented surface of genus g , Sg , are described in Section 2 of this article. In the
case g > 0, these horizontal diagrams give analogous constructions as those in genus 0 as given in [16–18]. Let An(Sg)0
andAn(Sg) denote the algebras of horizontal chord diagrams of Sg as introduced, and studied in [13] (see Section 2 for the
notation).
Theorem 1.3. If G is such that H2/G = Sg , then the algebra An(Sg)0 is isomorphic to the universal enveloping algebra of
E∗0 (pi1Conf
G(H2, n), y) = E∗0 (Pn(Sg)0).
Workof Kohno [15–17], aswell as subsequentwork of Falk andRandell [12] give the structure of the Lie algebra associated
to the descending central series for the k-stranded pure braid group, the fundamental group of Conf(R2, n). Work in [8]
gives the associated Lie algebras for loop spaces of ConfL(C× Cq, n)where L is the the standard lattice of integral points in
C acting by translations on C. Work of González-Meneses, and Paris [13] gives the structure of the Lie algebras associated
to the descending central series for the fundamental group of ConfG(H2, n).
These Lie algebras arise in an analysis of Vassiliev invariants for pure braids on a surface. The theorem above gives a
comparison between these Lie algebras, and their analogues for certain choices of loop spaces. Analogous groups were
shown to be given by morphisms of coalgebras in [7]. In addition, recent work of Papadima, and Suciu [20] gives related
structures when the associated Lie algebras are of finite type. The ones which occur here for a surface of genus greater than
0 are not of finite type, and it is as yet unclear whether there is an extension of the work in [20] to these choices of Lie
algebras.
These Lie algebras also occur in a second convenient context. Namely, by [22] there is a principal Gn bundle
ConfG(H2, n)→ Conf(H2/G, n),
and thus there is a short exact sequence of groups
1→ pi1(ConfG(H2, n), y)→ pi1(Conf(H2/G, n), x)→ Gn → 1.
Hence the kernel of the map
pi1(Conf(H2/G, n), x)→ Gn
induced by the natural inclusion
Conf(H2/G, n)→ (H2/G)n
is isomorphic to the fundamental group pi1(ConfG(H2, n), y) = Pn(Sg)0. The Lie algebra obtained from the descending
central series for pi1(Conf(H2/G, n), x) is not analyzed here. The structure of the analogous Lie algebra associated to
pi1(ConfG(H2, n), y) is handled more easily than that for pi1(Conf(H2/G, n), x) and is given above, as well as earlier in [13].
There is a natural structure of graded Poisson algebra structure for the homology of an iterated loop space. This Poisson
algebra given by
H∗Ωk(ConfG(H2 × Cq, n))
which is described in more detail in Section 6 here. Loosely speaking, the resulting structure is the free Poisson algebra
subject to the ‘‘Poisson analogues’’ of the relations in Theorem 1.1. Precise definitions in the next theorem are given in
Section 4.
Theorem 1.4. Assume that k is least 1.
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(1) If k > 1, the homology of Ωk(ConfG(H2×Cq, n)), with any field coefficients, is a graded Poisson algebrawith Poisson bracket
given by the Browder operation λk−1[−,−] for the homology of a k-fold loop space.
(2) If 1 < k < 2q + 1, the homology of ΩkConfG(H2 × Cq, n) with coefficients in a field F of characteristic zero, is the free
Poisson algebra generated by elements
Bσi,j
of degree 2q+1−k for 1 ≤ j < i ≤ n, and σ in G modulo the ‘‘infinitesimal Poisson surface braid relations’’ given as follows:
(a) If {i, j} ∩ {s, t} = φ, then λk−1[Bσi,j, Bτs,t ] = 0.
(b) If 1 ≤ j < s < i ≤ n, then λk−1[Bτi,j, Bτσ−1i,s + Bσs,j] = 0.
(c) If 1 ≤ j < s < i ≤ n, then λk−1[Bσs,j, Bτi,j + Bτσ−1i,s ] = 0.
(d) The antisymmetry relation, and Jacobi identity for a graded Poisson algebra.
(3) There is a map
E2 : ConfG(H2 × Cq, n)→ Ω2ConfG(H2 × Cq+1, n)
which induces a homology isomorphism in degree 2q + 1. The associated loop map Ω(E2) : ΩConfG(H2 ×
Cq, n) → Ω3ConfG(H2 × Cq+1, n) induces an isomorphism on H2q(−;Z). Furthermore, the image of the map Ω(E2)
in homology is the subalgebra generated by the classes of degree 2q. The results here extend those given in references [3,2,4,5,
9,10,14,23] and [24] to the setting of surfaces. In addition, reference [19] gives an analogous extension to linking invariants.
2. Vassiliev invariants of braids
Let Sg be a closed oriented surface of genus g . The main subject of this section is a review of some results in [13]. We
refer the reader to [1] for Vassiliev invariants of knots in S3 and chord diagrams. Let Conf(Sg , n) denote the configuration
space of ordered distinct n points on Sg as given in Section 1. As above, fix a base-point x = (x1, . . . , xn) ∈ Conf(Sg , n). The
fundamental group of the configuration space pi1(Conf(Sg , n), x) is by definition the pure braid group of Sg with n strands,
and is denotedby Pn(Sg). The symmetric groupΣn acts freely onConf(Sg , n)bypermutation of components. The fundamental
group of the quotient space Conf(Sg , n)/Σn is the braid group of Sg with n strands, and is denoted by Bn(Sg).
Assume that g > 1. The fundamental group pi1(Sg , x0) with base-point x0 is identified with a discrete subgroup G of
PSL(2,R) acting freely onH2. The n-fold productGn acts on the orbit configuration space yielding a covering space projection
ConfG(H2, n)→ Conf(Sg , n)
with the covering transformation group Gn. In addition, Conf(Sg , n) is naturally a subspace of the n-fold cartesian product
Sng . Thus, the inclusion map i : Conf(Sg , n)→ Sng induces a natural homomorphism
i∗ : Pn(Sg) −→ pi1(Sg , x1)× · · · × pi1(Sg , xn).
Let Pn(Sg)0 denote the kernel of i∗. By the above remarks, Pn(Sg)0 is isomorphic to the fundamental group of the orbit
configuration space ConfG(H2, n). In the case g = 1, we represent Sg as an elliptic curve C/L with a lattice L and we define
Pn(Sg)0 to be the fundamental group of the orbit configuration space ConfL(C, n). Thus, for any g ≥ 1, we have an exact
sequence
1→ Pn(Sg)0 → Pn(Sg)→
n∏
j=1
pi1(Sg , xj)→ 1.
The Vassiliev filtration for the braid group of Sg is a decreasing filtration
Z[Bn(Sg)] = F0 ⊃ F1 ⊃ · · · ⊃ Fk ⊃ · · · .
In a similar way, by putting F ′k = Fk ∩ Z[Pn(Sg)], we obtain the Vassiliev filtration
Z[Pn(Sg)] = F ′0 ⊃ F ′1 ⊃ · · · ⊃ F ′k ⊃ · · ·
for the pure braid group of Sg . Amap v : Bn(Sg)→ Z is extended linearly to a homomorphism ofZ-modules v : Z[Bn(Sg)] →
Z. We shall say that v is a Vassiliev invariant of order k if v vanishes on the idealFk+1. The set of Vassiliev invariants of order
kwith values in Z is identified with
HomZ(Z[Bn(Sg)]/Fk+1,Z)
and we denote this set by Vk(Bn(Sg)). There is an increasing filtration
V0(Bn(Sg)) ⊂ V1(Bn(Sg)) ⊂ · · · ⊂ Vk(Bn(Sg)) ⊂ · · · .
A Vassiliev invariant of order k for Pn(Sg) is defined in a similar way and the set of such invariants is identified with
HomZ(Z[Pn(Sg)]/F ′k+1,Z),
which is denoted by Vk(Pn(Sg)).
Associative, non-commutative algebrasAn(Sg)0 andAn(Sg)were introduced in [13], generated by elements X
γ
i,j given by
horizontal chord diagrams. They admit a direct sum decomposition
An(Sg)0 =
⊕
k≥0
Akn(Sg)
0, An(Sg) =
⊕
k≥0
Akn(Sg),
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where Akn(Sg)
0 and Akn(Sg) denote the degree k parts. There is also an extension A˜n(Sg) of An(Sg) by Z[Gn] and a map of
abelian groups Z[Bn(Sg)] → A˜n(Sg), which is a isomorphism at the associated graded level. Namely, let us consider the
graded algebras grZ[Bn(Sg)] and grZ[Pn(Sg)] associated with the Vassiliev filtration. Namely, we set
grZ[Bn(Sg)] =
⊕
k≥0
Fk/Fk+1, grZ[Pn(Sg)] =
⊕
k≥0
F ′k /F
′
k+1.
The following theorem was proven by González-Meneses and Paris [13].
Theorem 2.1 ([13]). There exists a homomorphism of Z-modules u : Z[Bn(Sg)] → A˜n(Sg) such that the associated graded map
gives an isomorphism of graded Z algebras
grZ[Bn(Sg)] ∼= A˜n(Sg).
The restriction of the above homomorphism u to Z[Pn(Sg)] gives an isomorphism of graded Z-algebras
grZ[Pn(Sg)] ∼= An(Sg).
In particular, there is an isomorphism of Z-modules
F ′k /F
′
k+1 ∼= Akn(Sg).
Now the statement of Theorem 1.3 can be shown using an argument due to J. González-Meneses and L. Paris in the proof
of Theorem 2.1 in the following way. The restriction of the Vassiliev filtration for Z[Pn(Sg)] on Z[Pn(Sg)0] coincides with the
filtration given by the powers of the augmentation ideal I of Z[Pn(Sg)0]. Hence, the associated graded algebra
grIZ[Pn(Sg)0] =
⊕
k≥0
Ik/Ik+1
is isomorphic to the graded algebraAn(Sg)0. It can be shown that the successive quotients of the descending central series
Γ m(Pn(Sg)0)/Γm+1(Pn(Sg)0), m = 0, 1, . . ., are free Z-modules. Therefore, using a theorem due to Quillen [21], we obtain
the isomorphism of graded algebras U[E∗0 (Pn(Sg)0)] ∼= grIZ[Pn(Sg)0]. This shows the isomorphism of graded algebras
U[E∗0 (Pn(Sg)0)] ∼= An(Sg)0.
The exceptional case of g = 1was considered in articles [17,8]. This case arises by considering horizontal chord diagrams
for elliptic curves [17]. Analogous information associated to the orbit configuration space ConfL(C, n)where Ldenotes a fixed
lattice in the complex plane C such that C/L is a fixed elliptic curve is given in [8].
The case for g > 1 was given in [13]. The local coefficient system for the genus 0 case was described earlier in [6].
3. The Lie algebra relations in Theorem 1.1
The purpose of this section is to define the elements Bτi,j, and to derive the relations among these elements as stated in
Theorem 1.1(3). To analyze this structure, it is convenient to construct explicit cycles in ConfG(H2 × Cq, n) as follows.
Choose points p1, p2, . . . , pn in distinct orbits of G in H2 × Cq. Let σ , and τ denote elements of G. Given fixed i, and j
fixed with 1 ≤ j < i ≤ n, and σ in G, choose a closed neighborhood U homeomorphic to a closed disk with the following
properties.
(1) U contains the interior points pj, together with the points σ(pj)+ z/λ for λ a fixed real scalar for all z inH2×Cq of norm
1 where the hyperbolic metric is used for H2,
(2) U intersects each orbit exactly once.
(3) U does not contain the pt for all t with t 6= j.
Define maps
Aσi,j : S2q+1 → ConfG(H2 × Cq, n)
by the formula
Aσi,j(z) = (w1, w2, . . . , wk)
where
(1) wt = pt if t 6= i, and
(2) wi = σ(pj)+ z/λ.
Fix a choice of fundamental cycle ι for S2q+1 for what follows below. The image in homology Aσ i,j∗(ι)will be denoted by
the ‘‘name’’ Aσi,j in H2q+1Conf
G(H2 × Cq, n). In addition, the ‘‘name’’ Bσi,j is also used ambiguously for
(1) the analogous element in pi1(ConfG(H2, n), x), and
(2) the image of the transgression of the spherical class Aσi,j in the homology of the loop space H2qΩConf
G(H2 × Cq, n).
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Relations among the elements Aσi,j are obtained as follows. The first relation is given by the next lemma.
Lemma 3.1. The relation
τ(i,j)Aσi,j = Aσ
−1
i,j
holds in
H2q+1ConfG(H2 × Cq, n), and
E∗0 (pi1(Conf
G(H2, n), x))
where τ(i,j) denotes the transposition which interchanges i, and j in the symmetric groupΣn.
Furthermore, the action of an element γ in the symmetric group on the element Aσi,j is specified by the formula
γ (Aσi,j) =
{Aσγ (i),γ (j) if γ (i) > γ (j),
Aσ
−1
γ (j),γ (i) if γ (i) < γ (j).
Proof. First recall the standard homotopy for the classical configuration space with G = {identity}. Fix points pm = 4me1,
in Cq for 1 ≤ m ≤ n for which e1 is a unit vector. Define
h : [0, 1] × S2q−1 → Conf(Cq, n)
by the formula
h(t, z) = (x1, x2, . . . , xn)
for which
(1) xs = ps if s 6= i, j,
(2) xj = pj − tz,
(3) xi = pi + (1− t)z.
Notice that the point (x1, x2, . . . , xn) is in the configuration space, and that the map h is continuous. In particular, each
xs is a function of t with xj(0) = pj with
(1) xj(0) = pj,
(2) xj(1) = pj − z,
(3) xi(0) = pi + z, and
(4) xi(1) = pi.
Thus the maps
(1) τ(Ai,j) : S2q−1 → Conf(Cq, n), and
(2) Ai,j : S2q−1 → Conf(Cq, n)
are homotopic.
An analogous homotopy is constructed next for Aσi,j as follows. The small disk U is regarded as the standard unit disk in
R2q+2. Define
H : [0, 1] × S2q+1 → ConfG(H2 × Cq, n)
by the formula
H(t, z) = (y1, y2, . . . , yn)
for which
(1) ys = ps if s 6= i, j,
(2) yj = pj − tz/λ, and
(3) yi = σ(pj)+ (1− t)z/λ.
Hence H is a homotopy of Aσi,j (a homotopy which is non-base-point preserving). Notice that (τ(i,j) ◦ H)(t, z) = (u1,
u2, . . . , uk)where
(1) us = ps if s 6= i, j,
(2) uj = σ(pj)+ (1− t)z/λ, and
(3) ui = pj − tz/λ.
Thus τ(i,j)(Aσi,j) is homotopic to the map which sends z to (u1, u2, . . . , un)where
(1) us = ps if s 6= i, j,
(2) uj = σ(pj), and
(3) ui = pj − z/λ,
which is given by Aσ
−1
i,j up to (a non-base-point preserving) homotopy.
A similar computation applies to γ (Aσi,j), and is deleted. This suffices. 
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Analogous maps, and homotopies are considered next. Fix integers 1 ≤ j < s < i ≤ n, and define maps
D(σ , τ , i, s, j) : S2q+1 × S2q+1 → ConfG(H2 × Cq, n),
and
G(σ , τ , i, s, j) : S2q+1 × S2q+1 → ConfG(H2 × Cq, n)
by the following formulas:
(1)
D(σ , τ , i, s, j)(u, v) = (w1, w2, . . . , wn)
where
(a) wt = pt if t 6= i, s, j,
(b) wj = pj,
(c) ws = σ(pj)+ u/8λ, and
(d) wi = τ(pj)+ v/16λ.
(2)
G(σ , τ , i, s, j)(u, v) = (w1, w2, . . . , wn)
where
(a) wt = pt if t 6= i, s, j,
(b) wj = pj,
(c) ws = σ(pj)+ v/16λ, and
(d) wi = τ(pj)+ u/8λ.
Write a ⊗ 1, and 1 ⊗ b for the respective generators in H2q+1(S2q+1 × S2q+1) associated to the individual fundamental
cycles of each axis. Consider the induced map in homology for
D(σ , τ , i, s, j)∗ : H2q+1(S2q+1 × S2q+1)→ H2q+1ConfG(H2 × Cq, n).
Notice that H2q+1ConfG(H2 × Cq, n) is free abelian with basis
{Aσi,j | σ ∈ G, 1 ≤ j < i ≤ n}
and where the projection to the i, and j coordinates
pi,j : ConfG(H2 × Cq, n)→ ConfG(H2 × Cq, 2)
is non-trivial in homology when restricted to Aσi,j. Thus projecting gives the following formulas:
(1) pi,jD(σ , τ , i, s, j)(u, v) = (pj, τ (pj)+ v/16λ)which is homotopic to Aτi,j(v),
(2) pi,s ◦ D(σ , τ , i, s, j)(u, v) = (σ (pj)+ u/8λ, τ(pj)+ v/16λ)which is homotopic to Aτσ−1i,s (u),
(3) ps,jD(σ , τ , i, s, j)(u, v) = (pj, σ (pj)+ u/8λ)which is homotopic to Aσs,j(u), and
(4) pα,βD(σ , τ , i, s, j)(u, v) is null otherwise.
Lemma 3.2. The following formulas are satisfied:
(1) D(σ , τ , i, s, j)∗(a⊗ 1) = Aτσ−1i,s + Aσs,j,
(2) D(σ , τ , i, s, j)∗(1⊗ b) = Aτi,j, and
(3) [Bτσ−1i,s + Bσs,j, Bτi,j] = 0 in H∗(ΩConfG(H2 × Cq, n)), and in E∗0 (pi1ConfG(H2, n), x).
Proof. Notice that formula 1 follows from the above remarks. Furthermore, in the case n > 0, the elements Bτi,j are defined
to be the adjoint of the elements Aτi,j, and thus the relation 2 holds in homology.
In addition, formula 2 is satisfied on the level of the associated graded as the homotopy D gives that [Bτσ−1i,s · Bσs,j, Bτi,j] lies
in Γ 2(pi1ConfG(H2, n), x), the second stage of the descending central series. The lemma follows. 
Similar formulas apply to G(σ , τ , i, s, j)(u, v).
(1) pi,jG(σ , τ , i, s, j)(u, v) = (pj, τ (pj)+ u/8λ)which is homotopic to Aτi,j(u),
(2) pi,sG(σ , τ , i, s, j)(u, v) = (σ (pj)+ v/16λ, τ(pj)+ u/8λ)which is homotopic to Aτσ−1i,s (u),
(3) ps,jG(σ , τ , i, s, j)(u, v) = (pj, σ (pj)+ v/16λ)which is homotopic to Aσs,j(v), and
(4) pα,βG(σ , τ , i, s, j)(u, v) is null otherwise.
In addition, the following formulas are satisfied:
(1) G(σ , τ , i, s, j)∗(a⊗ 1) = Aτi,j + Aτσ−1i,s ,
(2) G(σ , τ , i, s, j)∗(1⊗ b) = Aσs,j, and
(3) [Bσs,j, Bτi,j + Bτσ−1i,s ] = 0.
The statement and proof of the next lemma are analogous.
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Lemma 3.3. The following formulas are satisfied:
(1) G(σ , τ , i, s, j)∗(a⊗ 1) = Aτi,j + Aτσ−1i,s ,
(2) G(σ , τ , i, s, j)∗(1⊗ b) = Aσs,j, and
(3) [Bσs,j, Bτi,j + Bτσ−1i,s ] = 0 in H∗(ΩConfG(H2 × Cq, n)), and in E∗0 (pi1ConfG(H2, n), x).
Define
H(σ , τ , i, j, s, t) : S2q+1 × S2q+1 → ConfG(H2 × Cq, n)
by the following formulas where 1 ≤ j < i < s < t:
H(σ , τ , i, s, j)(u, v) = (w1, w2, . . . , wn)
where
(1) wm = pm ifm 6= i, j, s, t ,
(2) wj = pj,
(3) wi = σ(pj)+ u/8λ,
(4) ws = ps, and
(5) wt = τ(ps)+ v/8λ.
Thus the following formulas are satisfied:
(1) H(σ , τ , i, j, s, t)∗(a⊗ 1) = Aσi,j,
(2) H(σ , τ , i, j, s, t)∗(1⊗ b) = Aτt,s,and
(3) [Bσi,j, Bτs,t ] = 0 in H∗(ΩConfG(H2 × Cq, n)) if 1 ≤ j < i < s < t .
(4) The other cases for which {i, j} ∩ {s, t} = φ are omitted as the details are similar.
Lemma 3.4. The following formulas are satisfied:
(1) H(σ , τ , i, j, s, t)∗(a⊗ 1) = Aσi,j,
(2) H(σ , τ , i, j, s, t)∗(1⊗ b) = Aτt,s, and
(3) [Bσi,j, Bτs,t ] = 0 in H∗(ΩConfG(H2×Cq, n)) in H∗(ΩConfG(H2×Cq, n)), and in E∗0 (pi1ConfG(H2, n), x) if {i, j}∩ {s, t} = φ.
The proof of this lemma is similar to the previous two, and is omitted. The relations stated in Theorem 1.1 follow.
4. Proof of Theorem 1.1
Recall the following analogue of results due to Fadell and Neuwirth [11] for ‘‘usual’’ configuration spaces, and which
apply to orbit configuration spaces [22].
Lemma 4.1. Let M be a manifold with a free, and properly discontinuous action of a group G. Then for j ≤ n, the projection
p : ConfG(M, n)→ ConfG(M, j) onto the first j coordinates is a locally trivial bundle, with fiber ConfG(M − Q Gj , n− j).
It does not suffice to use free actions in the above lemma. The extra hypothesis that the action be properly discontinuous
is required for the case when G is not finite. Notice that the hypotheses are trivially satisfied when G is a finite group acting
freely on a Hausdorff spaceM .
The next lemma guarantees cross-sections for these fibrations in favorable cases.
Lemma 4.2. Let M be a parallelizable manifold with a free, and properly discontinuous action of a group G such that the quotient
map M → M/G is the projection for a covering space. Then for j < n, the projection p : ConfG(M, n)→ ConfG(M, j) admits a
cross-section. Thus if M is simply-connected of dimension at least 3, then there are homotopy equivalences
Ω(ConfG(M, j))×Ω(ConfG(M − Q Gj , n− j))→ Ω(ConfG(M, n)).
Thus there is a homotopy equivalence∏
0≤j≤n−1
Ω(M − Q Gj )→ Ω(ConfG(M, n)).
Proof. The exponential map with source the tangent bundle of M , exp : τ(M) → M , gives a local homeomorphism from
Rm to an open set inM (whereM is a manifold of dimension m). Choose n elements y1, y2, . . . , yn in Rm inM with y1 = 0,
such that x1, x2, . . . , xn for xi = exp(yi) lie in n distinct orbits as the action of G is properly discontinuous. A cross-section is
defined by σ(x) = (x1, x2, . . . , xn)where xi = exp(yi).
Notice that there are fibrations
ConfG(H2 × Cq, n)→ ConfG(H2 × Cq, n− 1)
with both (1) cross-sections, and (2) fibers given by
H2 × Cq − Q Gn−1.
F.R. Cohen et al. / Journal of Pure and Applied Algebra 213 (2009) 2289–2300 2297
Since any multiplicative fibration with section is homotopy equivalent to a product, there are homotopy equivalences∏
0≤i≤n−1
Ω(H2 × Cq − Q Gi )→ Ω(ConfG(H2 × Cq, n))
for q ≥ 1. The lemma follows. 
Theprevious lemmagives the proof of Theorem1.1 in the case q > 0. That is themapsΩ(H2×Cq−Q Gi )→ Ω(ConfG(H2×
Cq, n)) for q ≥ 1 induce multiplicative maps on the level of homology groups which are split monomorphisms. The only
relations satisfied are those given already as the homology ofΩ(H2 × Cq − Q Gi ) is a tensor algebra.
It suffices to prove the theorem in the case q = 0. The proof in this case follows at once from Theorem 1.2which is proven
in the next section.
5. Proof of Theorem 1.2
Fix a base-point yn in ConfG(H2, n). The direct sum decomposition of Lie algebras given in Theorem 1.2 follows from the
split, short exact sequence of groups with trivial local coefficients given by
1→ pi1(H2 − Q Gn−1, x)→ pi1(ConfG(H2, n), yn)→ pi1(ConfG(H2, n− 1), yn−1)→ 1.
A split, short exact sequence of Lie algebras as restated in the next lemma is given in [12, Theorem 3.1].
Lemma 5.1. Let
1→ A→ B→ C → 1
be a split short exact sequence of groups for which the conjugation of C on H1(A) is trivial. Then there is a split short exact sequence
of Lie algebras
0→ E i∗0 (A)→ E i∗0 (B)→ E i∗0 (C)→ 0.
Hence the proof of Theorem 1.2 rests on the proof of the triviality of the local coefficient system for the fibration
H2 − Q Gn−1 → ConfG(H2, n)→ ConfG(H2, n− 1),
a proof analogous to that given in [8], and in Lemma 5.5. Since the homology of the fiber is concentrated in degree one, and
the fibration has a cross-section, the Serre spectral sequence for these fibrations collapses. The next proposition gives the
additive structure for the integral homology of ConfG(H2, n) as stated in Theorem 1.2.
Proposition 5.2. The integral homology of ConfG(H2, n) is additively given by
H∗ConfG(H2, n) ∼= H∗(C1)⊗ H∗(C2)⊗ · · · ⊗ H∗(Cn−1)
where Ci is the infinite bouquet of circles
∨
|QGi | S
1.
Notice that the homology of ConfG(H2, n) is not of finite type. Thus the double dualization does not give an isomorphism
of vector spaces from the homology to the double dual of the homology.
Proposition 5.3. The integral cohomology of ConfG(H2, n) is given additively by an isomorphism
H∗ConfG(H2, n)→ H∗(C1)⊗ · · · ⊗ H∗(Cn−1).
In addition, for every i = 2, . . . n, there are choices of classes in H∗ConfG(H2, n) given by Aσ1i,1, Aσ2i,2, . . . , Aσi−1i,i−1 for σp ∈ G, which
are in a 1-1 correspondence with the generators in H1(Ci−1), satisfying the following relations:
(1) Aµi,j · Aνi,j = 0 for all µ, and ν in G.
(2) Aµi,t · Aνi,j = Aµν
−1
j,t · (Aνi,j − Aµi,t) if 1 ≤ t < j < i ≤ k with µ and, ν in G.
Lemma 5.4. Let p : E → B be a locally trivial bundle with B path-connected. Let x, y ∈ B and let Fx and Fy be the corresponding
fibers. Then pi1(B, x) acts trivially on H∗(Fx) if and only if pi1(B, y) acts trivially on H∗(Fy).
Lemma 5.5. The fibration
pi : ConfG(H2, n)→ ConfG(H2, n− 1)
has trivial local coefficients.
Proof. The construction at the beginning of Section 3 for points p1, p2, . . . , pk in distinct orbits of G in H2 together with a
closed neighborhood U homeomorphic to a closed disk satisfies the following properties.
(1) U contains the interior points pj, together with the points σ(pj) + z/λ for λ a fixed real scalar for all z in H2 of norm 1
where the hyperbolic metric is used for H2,
(2) U intersects each orbit exactly once.
(3) U does not contain the pt for all t with t 6= j.
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Next fix one value of z, say α. Consider the Dehn twist which ‘‘rotates’’ pj to σ(pj) + α/λ, and fixes the boundary of
U pointwise. This disk, and the resulting Dehn twist are used to describe the local coefficient system for certain fibrations
below. This Dehn twist is isotopic to the identity by an isotopy which fixes the complement of U pointwise.
The proof of the lemma is by downward induction on r and is analogous to that given in [8] in the special case of
ConfL(C, n) for the standard integral lattice L in C. Namely, the isotopy in the previous paragraph gives a homeomorphism
of H2 − Q Gi for which Q Gi =
∐
1≤j≤i G · pj. A direct inspection gives that the effect of this homeomorphism on the level of
H1(H2 − Q Gi ) is the identity, but is not the identity on pi1(H2 − Q Gi , x). 
6. Graded Poisson algebra structures
There is a natural structure of graded Poisson algebra for the homology of an iterated loop space. It is the purpose of this
section to describe this structure for the case ofΩkConfG(H2 × Cq, n) for k > 1.
It is standard that a graded associative algebra A inherits the structure of a graded Lie algebra with Lie bracket given by
the commutator
[a, b] = a · b− (−1)|a|·|b|b · a
for an element a of degree |a|, and an element b of degree |b| in the graded associative algebra A. Thus the homology of a
1-fold loop space is naturally a graded Lie algebra.
If k > 1, the homology of a k-fold loop space,ΩkX , admits the structure of a graded Poisson algebra [6], pages 215−217.
Namely, there is a bilinear map, the Browder operation, given by
λk−1 : Hi(ΩkX)⊗ Hj(ΩkX)→ Hi+j+k−1(ΩkX)
which satisfies the following axioms for a graded Poisson algebra for which the degree of an element x is written |x|:
(1) (Jacobi identity)
αλk−1[a, λk−1[b, c]] + βλk−1[b, λk−1[c, a]] + γ λk−1[c, λk−1[a, b]] = 0
where
• α = (−1)(|a|+k−1)(|c|+k−1),
• β = (−1)(|b|+k−1)(|a|+k−1), and
• γ = (−1)(|c|+k−1)(|b|+k−1).
(2) (Antisymmetry)
λk−1[a, b] = (−1)|a||b|+1+(k−1)(|a|+|b|+1)λk−1[b, a].
(3) (Product formula)
λk−1[a · b, c] = a · λk−1[b, c] + (−1)|a|·|b|b · λk−1[a, c].
(4) (Commutation with homology suspension σ∗)
σ∗(λk−1[a, b]) = λk−2[σ∗(a), σ∗(b)].
(5) (Degree of the operation) The degree of λk−1[a, b] is k− 1+ |a| + |b|.
In addition, it was proven that this pairing is compatible with the Whitehead product structure for the classical Hurewicz
homomorphism via the following commutative diagram
pim+k(X)⊗ pin+k(X) W0−−−−→ pim+n+2k−1(X)ys∗⊗s∗ ys∗
pim(Ω
kX)⊗ pin(ΩkX) Wk−−−−→ pim+n+k−1(ΩkX)yφ⊗φ yφ
Hm(ΩkX)⊗ Hn(ΩkX) λk−1−−−−→ Hm+n+k−1(ΩkX)
for which
(1) the map s∗ is the natural isomorphism,
(2) the map φ is the classical Hurewicz homomorphism, and
(3) the mapWk is the adjoint of the classical Whitehead product
W0 : pim+k(X)⊗ pin+kX → pim+n+2k−1(X).
Theorem 6.1. Assume that k is greater than 1.
(1) If k > 1, the homology of Ωk(ConfG(H2×Cq, n)), with any field coefficients, is a graded Poisson algebrawith Poisson bracket
given by the Browder operation λk−1[−,−] for the homology of a k-fold loop space.
F.R. Cohen et al. / Journal of Pure and Applied Algebra 213 (2009) 2289–2300 2299
(2) If 1 < k < 2q + 1, the homology of ΩkConfG(H2 × Cq, n) with coefficients in a field F of characteristic zero, is the free
Poisson algebra generated by elements
Bσi,j
of degree 2q+1−k for 1 ≤ j < i ≤ n, and σ in G modulo the ‘‘infinitesimal Poisson surface braid relations’’ given as follows:
(a) If {i, j} ∩ {s, t} = φ, then λk−1[Bσi,j, Bτs,t ] = 0.
(b) If 1 ≤ j < s < i ≤ n, then λk−1[Bτi,j, Bτσ−1i,s + Bσs,j] = 0.
(c) If 1 ≤ j < s < i ≤ n, then λk−1[Bσs,j, Bτi,j + Bτσ−1i,s ] = 0.
(d) The antisymmetry relation, Jacobi identity, and product formula for a graded Poisson algebra are satisfied.
(3) There is a map
E2 : ConfG(H2 × Cq, n)→ Ω2ConfG(H2 × Cq+1, n)
which induces a homology isomorphism in degree 2q+ 1. The associated loop map
Ω(E2) : ΩConfG(H2 × Cq, n)→ Ω3ConfG(H2 × Cq+1, n)
induces an isomorphism on H2q(−;Z). Furthermore, the image of the map Ω(E2) in homology is the subalgebra generated
by the classes of degree 2q.
Proof. Part (1) is a special case of results in [6], pages 215–217. Furthermore, if q > 1, then the characteristic zero homology
of Ωq(X) for a q-connected space X is isomorphic to the graded symmetric algebra generated by the image of the rational
Hurewicz homomorphism (as is well known from the work of Milnor–Moore).
Part (2) now follows from the case q = 1 together with the proof of Theorem 1.1. Namely, the Browder operation
λq−1 is precisely the commutator for the underlying associative algebra given by the homology of a 1-fold loop space
ΩConfG(H2 × Cq, n). Furthermore, the homology suspension σ∗ satisfies σ∗(λk−2[x, y]) = λk−1[σ∗(x), σ∗(y)] [6, pages
215–217]. Since the homology suspension when restricted to the module of primitives
σ∗ : PrimHn(Ωk(X);Q)→ PrimHn+1(Ωk−1(X);Q)
is an isomorphism when restricted to k-connected spaces X for k > 2, it follows that the Poisson bracket relations follow at
once from the case k = 1 as given in Theorem 1.1.
Part (3) requires a construction given as follows. Notice that there is a map
Θ : ConfG(H2 × Cq, n)→
∏
I
S2q+1
where the index set I is given by (i, j, σ , τ ) for 1 ≤ j < i ≤ n with σ , and τ elements of G. This map is got by sending
(z1, . . . , zn) to (σ (zi)− τ(zj))/ρ for 1 ≤ j < i ≤ n, with σ , and τ in G, and ρ = ‖σ(zi)− τ(zj)‖.
This map is a split monomorphism in homology. Thus after suspending once, ConfG(H2×Cq, n) is homotopy equivalent
to a bouquet of spheres for any q ≥ 0.
Hence, there is a map γ : Σ2ConfG(H2 × Cq, n) → ∨I S2k+3 which induces an isomorphism in homology in degree
2k+ 3. There is an induced map
σ 2 : Σ2ConfG(H2 × Cq, n)→ ConfG(H2 × Cq+1, n)
given by the composite
Σ2Conf G(H2 × Cq, n) γ−−−−→ ∨I S2k+3 φ−−−−→ Conf G(H2 × Cq+1, n)
where φ :∨I S2k+3 → ConfG(H2×Cq+1, n) is the natural map obtained from the Hurewicz homomorphismwhich induces
an isomorphism on the first non-vanishing homology group of ConfG(H2 × Cq+1, n).
The adjoint of this composite
E2 : ConfG(H2 × Cq, n)→ Ω2ConfG(H2 × Cq+1, n)
induces an isomorphism on the first non-trivial homology group. This last map may be regarded as an analogue of the
classical Freudenthal double suspensionmap forwhich the spaces ConfG(H2×Cq, n) are replaced by single odd dimensional
spheres. The associated loop map is given byΩ(E2) : ΩConfG(H2 × Cq, n)→ Ω3ConfG(H2 × Cq+1, n).
The theorem follows. 
Related structures for certain complements of hyperplane arrangements are given in [3].
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